We study how rapid rotation influences the relation between the normalized moment of inertiaĪ and quadrupole momentQ for scalarized neutron stars. The questions one has to answer are whether the EOS universality is preserved in this regime and what are the deviations from general relativity. Our results show that theĪ −Q relation is nearly EOS independent for scalarized rapidly rotating stars, but the differences with pure Einstein's theory increase compared to the slowly rotating case. In general, smaller negative values of the scalar field coupling parameters β lead to larger deviations, but these deviations are below the expected accuracy of the future astrophysical observations if one considers values of β in agreement with the current observational constraint. An important remark is that although the normalizedĪ −Q relation is quite similar for scalar-tensor theories and general relativity, the unnormalized moment of inertia and quadrupole moment can be very different in the two theories. This demonstrates that although theĪ −Q relations are potentially very useful for some purposes, they might not serve us well when trying to distinguish between different theories of gravity.
I. INTRODUCTION
Neutron stars are among the best candidates to test the strong field regime of general relativity (GR) due to the high compactness of the matter in their core and to the variety of observed phenomena. One of the most significant obstacle in this direction is the uncertainty in the nuclear matter equation of state (EOS). In many cases these uncertainties are comparable or even bigger than the effects induced by different modifications of GR. Strong constraints on the EOS can be set [1] [2] [3] [4] [5] , but still the accuracy is below the desired one for testing different generalizations of Einstein's theory. A way to circumvent these uncertainties is to search for equation of state independent characteristics. An important step in this direction was made recently in [6, 7] (see also [8] [9] [10] ), where it was found that relations between the normalized moment of inertia (I), quadrupole moment (Q) and the tidal Love number (λ) exist (the so-called I-Love-Q relations) which are practically independent of the equation of state. In a subsequent series of papers these results were generalized to large tidal deformations [11] and fast rotation [12] [13] [14] . Magnetized neutron stars on the other hand can break the universality for strong magnetic fields and low rotational rates. In [9] it was shown that similar EOS independent relations can be formulated for the higher multipole moments. Other universal relations were studied in [15] [16] [17] [18] [19] [20] .
Different astrophysical implications of the I-Love-Q relations were proposed. One of the most important is breaking the degeneracy between the spins and the quadrupole moments of neutron star inspirals. A development in this direction is important due to the expected detection of gravitational waves in the very near future. Another possible implication of the I-Love-Q relations is to use them as a probe for modified theories of gravity. For example if a specific alternative theory gives a significantly different I-Love-Q relations compared to GR, then a measurement of two of these quantities would allow us to determine the possible deviations from general relativity and set constraints on the alternative theory of gravity. This is for example the case with the Dynamical Chern-Simons gravity where the I-Love-Q relations are still pretty much EOS independent but they are significantly different from the GR case [6, 7] . On the other hand the corresponding relations in Eddington-inspired Born-Infeld gravity, scalar-tensor theories of gravity and Einstein-Gauss-Bonnet-dilaton theory [21] are almost indistinguishable from Einstein's theory [22] [23] [24] . Therefore the I-Love-Q relations can not serve as a test for these theories. But from another point of view these results show that the relations are universal not only with respect to the EOS but also to certain beyond-GR corrections. Thus if one of the quantities in the I-Love-Q trio is measured, one can infer the other two using formulae which are universal for a whole plethora of gravitational theories.
Except the case of Einstein-Gauss-Bonnet-dilaton gravity [24] , all of the studies of I-Love-Q relations in alternative theories of gravity up to now are limited to the slow rotation regime. One of the reasons is that constructing rapidly rotating neutron star solutions in alternative theories of gravity is very involved. Also the slow rotation approximation is sufficient in practice for many cases, for example the inspiraling neutron stars are supposed to be rotating with relatively low rotational frequencies. But the rotational rates of neutron stars in some cases, such as the millisecond pulsars and newborn neutron stars, can reach very high values and the extension to rapid rotation is important. Moreover the studies of neutron stars in alternative theories of gravity show that rotation can magnify the deviation from GR significantly and potentially lead to observational consequences [25] .
In the present paper we concentrate on the I-Q relation for rapidly rotating neutron stars in scalar-tensor theory of gravity. This is one of the most natural and widely explored extension of general relativity where in addition to the spacetime metric, a scalar field appears which is also a mediator of the gravitational interaction. Different classes of scalar-tensor theories were considered in the literature with probably the most famous one being the Brans-Dicke theory. But in the past two decades special attention was given to a specific class of scalar-tensor theories which is indistinguishable from GR in the weak field regime but interesting nonlinear effects can develop for strong fields. Such a nonlinear phenomenon is the scalarization of neutron star discovered in [26] . These results were generalized later to slow [23, 27, 28] and rapid rotation [25] . The general idea behind the scalarization is that for certain ranges of the parameters new solutions with nontrivial scalar field can exist in addition to the pure GR solutions, and the scalarized neutron stars are energetically more favorable compared to their GR counterpart. The current observations of binary pulsars set tight constraints on the coupling parameter in this scalar-tensor theory and for the nonrotating case the scalarized solutions differ only slightly from the general relativistic ones [4, 29, 30] . But as the results in [25] show, the rotation can enhance the effect of the scalar field considerably and leads to much more significant deviations from GR.
A natural question that arises is whether the I-Love-Q relations are different for scalarized neutron stars. As we have already mentioned, the studies in slow rotation approximation [23] show that these relations are practically the same as in GR if one considers values of the parameters in agreement with the current observational constrains. Our goal in the current paper is to extend these results to the case of rapid rotation and to check if the universality of the relations is preserved. For this purpose we have to make also a proper derivation of the quadrupole moment of rotating scalarized neutron stars in quasi-isotropic coordinates.
II. BASIC EQUATIONS
In this section we very briefly present the necessary background for the scalar-tensor theories and the rapidly rotating stars in their framework without going into too much detail. For a more detailed discussion we refer the reader to [25] .
The scalar-tensor field equations in the Einstein frame are
where k(ϕ) = d ln(A(ϕ))/dϕ with A(ϕ) being the conformal function relating the Jordan and Einstein frame metrics. In what follows we consider only scalar-tensor theories with V(ϕ) = 0. T µν is the Einstein frame energy-momentum tensor T µν . In modeling the rotating stars we use the energy-momentum tensor of a perfect fluid T µν = (ǫ + p)u µ u ν + pg µν with energy density ǫ, pressure p and 4-velocity u µ .
The spacetime metric for rotating stars can be presented in the form
where all the metric functions depend on the coordinates ρ and z. We will consider the natural from a physical point of view case when the geometry and the scalar field are invariant under the reflection symmetry through the equatorial plane, i.e. when the metric functions and the scalar field are invariant under the map θ → π − θ. In comparison with [25] , in the resent paper we use a slightly different but equivalent representation of the metric and the dimensionally reduced field equations.
The dimensionally reduced Einstein frame scalar-tensor field equations describing the structure of the rotating stars (with constant angular velocity) are given by
where D i is the covariant derivative with respect to the 3-dimensional flat metric dl 2 = dρ 2 + ρ 2 dφ 2 + dz 2 and v = (Ω − ω)Bρe −2ν is the proper velocity of the stellar fluid with Ω being the angular velocity of the star. In order to derive the formula for the quadrupole moment we will need the system of differential equations that describes the exterior of the star, i.e the stationary and axisymmetric, vacuum scalar-tensor equations. This system is formally obtained from (3)-(9) by setting ǫ = p = 0. Using these stationary and axisymmetric vacuum equations one can find the asymptotic behaviour of the metric functions and the scalar field. From a physical point of view it is more convenient and clear to present the asymptotic behaviour in the quasi-isotropic coordinates r and θ defined by
In these coordinates, keeping only terms up to order of r −3 we have
where M and J are the mass and the angular momentum, D is the scalar charge defined by
b, ν 2 and ϕ 2 are constants and P 2 (cos θ) is the second Legendre polynomial. In the present paper as in [25] we consider the case lim ∞ ϕ = ϕ ∞ = 0. Proceeding further, we can, just as in general relativity, derive the formula for the quadrupole moment from the asymptotic expansion of the metric functions. After some algebra we find the following formula for the quadrupole moment in our case
As can be seen the quadrupole moment formula explicitly involves the scalar charge and reduces to that in general relativity for D = 0.
The other quantity we will need in the present paper is the moment of inertia I which is defined as usual, namely
with Ω being the angular velocity of the star. The quadrupole moment and the moment of inertia have been defined in the Einstein frame. However, we need these quantities in the physical Jordan frame. For the moment of inertia one can show that it is the same in both frames [25] . The relation between the quadrupole moment in the Einstein and the Jordan frame depends in general on the particular scalar-tensor theory. In the present paper we consider a class of scalar-tensor theories defined by A 2 (ϕ) = e βϕ 2 (and V(ϕ) = 0) with β being a negative parameter β < 0. For this particular class of scalartensor theories, taking into account the asymptotic expansions of the Einstein frame quantities given in (11)- (15) and especially that ϕ ∞ = 0, one can easily find the asymptotic expansion of the Jordan frame metricg µν = A 2 (ϕ)g µν which shows that that the quandrupole moment in the Jordan frameQ is the same with that in the Einstein frame, Q = Q.
III. NUMERICAL RESULTS
We calculate the rotating neutron star solutions in scalar-tensor theories of gravity with a modified version of the rns code [31] developed in [25] . The normalized moment of inertiaĪ = I M 3 and the normalized quadrupole momentQ = − Q M 3 χ 2 are examined, where χ = J M 2 . More specifically our goal is to check the universality of thē I −Q relation for rapidly rotating scalarized neutron stars. As we have already commented, theĪ −Q relation is practically indistinguishable from GR for slow rotation [23] , if one considers values of β which are in agreement with the current constrains coming from the binary pulsar experiments β > −4.5 [4, 29, 30] . In our calculations we will use mainly β = −4.5 which represents the lower limit on β. In order to demonstrate the sensitivity of our results and conclusions to the value of the coupling parameter β, we also show some calculations for smaller β, more precisely β = −5 and β = −6 which are already ruled out by the observations.
In order to quantify the deviation from slow rotation we will build sequences of models with constant values of the normalized parameter α = f M, where f = Ω/2π is the rotational frequency of the star, and in our system of units f is given in kHz and M is in solar masses. As it was shown in [13, 14] , this choice of α leads to EOS independent relations in the GR case for each value of α. The last bit of information we have to fix is the set of equations of state. We employee six hadronic EOS which span a very wide range of stiffness. These are WFF2 [32] , APR [33] , GCP [34] , HLPS [35] , FPS [36] and the zero temperature limit of Shen EOS [37, 38] . For the sake of completeness we consider also two strange star EOS -the SQSB40 and SQSB60 given in [39] .
In Fig 1 we present theĪ −Q relation and the associated deviations from universality in the case of scalar-tensor theories with β = −4.5 and for the pure general relativistic case. The results for all hadronic EOSs are shown. For each value of α we make a fourth order polynomial fit to the input data of the form
The calculated models span the range from slow rotation to the Kepler (mass shedding) limit. We present the results for α up to 1.9. The slow rotation limit on the other hand, corresponding to α = 0.32 in the figure, is shown as a dashed line for both GR and STT. The reason is that for slow rotation the two cases are practically indistinguishable when β = −4.5 and the scalarization can hardly be noticed in the graph. In Fig. 1 only the case of hadronic EOS is shown, but our results show that strange stars lead to practically the sameĪ −Q relation for both the scalarized and non-scalarized cases. The only notable difference is that quark stars can reach higher values ofQ andĪ for rapid rotation, due to the higher oblateness close to their Kepler limit.
In the two lower panels of Fig. 1 the relative deviations of the solutions from the polynomial fits are shown, defined as We plot two deviation -∆Ī STT (bottom panel) which represents the deviation of the data in STT from the calculated STT fits, i.e. the deviation from EOS universality, and ∆Ī STT/GR (middle panel) which is the deviation of the scalarized neutron stars from the general relativistic fits.
Several conclusions can be made using these results. First it if important to note that for all values of α the deviation from EOS universality for scalarized neutron stars is below approximately 1%, similar to the pure GR case. This means that for a fixed value of α theĪ −Q relation is indeed nearly EOS independent for scalarized neutron stars. The difference between theĪ −Q relations for neutron stars in GR and STT on the other hand increases with rotation, which is an expected results as rapid rotation can significantly magnify the deviations from GR in the neutron star equilibrium properties [25] . But still the deviations are below roughly 5% even for the most rapidly rotating models shown on the graph. This difference is above the deviation from EOS universality and it is sufficient to make a clear distinction between theĪ −Q relations for scalarized and non-scalarized solutions (at least for rapid rotation). But the deviation is below the expected observational accuracy and therefore it would be difficult to set further constrains on STT using theĪ −Q relations.
Let us now turn to the question of the sensitivity of our results to the value of the scalar field coupling parameter β. In Fig. 2 we examined the behavior of the scalarized solutions for different values of β in the case of EOS APR. We should note that the cases with β = −5 and β = −6 are already ruled out by the binary pulsar experiments and they are used just to examine the qualitative behavior. As one can see, when the value of β is decreasing, theĪ −Q relation can change considerably. This is indeed an expected results because in general smaller negative values of β lead to larger deviations from GR, and for example scalarized neutron stars with β = −6 would already have a very different equilibrium properties even in the nonrotating limit.
It is important to note that even though the normalizedĪ −Q relations are very close to GR for the case of β = −4.5, the unnormalized moment of inertia and quadrupole moment can deviate strongly from pure Einstein's theory. In Fig. 3 the unnormalized I and Q are shown as function of mass for several fixed values of the rotational frequency. It is evident that as the frequency increases the deviations from GR are magnified and the difference can reach much larger values compared to the normalizedĪ −Q relations. In the graph we have shown models with rotational periods up to approximately 1ms, but if one considers even faster rotation the deviations increase further, reaching close to the Kepler limit above 50% for the moment of inertia and 100% for the quadrupole moment. This can potentially lead to observational manifestations. M/M < 
IV. CONCLUSIONS
In the present paper we investigated the normalizedĪ −Q relations for rapidly rotating neutron stars in scalar tensor theories of gravity. Our goal was to check the universality, both with respect to EOS and to the gravitational theory, that was observed for slow rotation [23] . The work is motivated by the fact that rapid rotation can significantly influence the scalarization and increase the differences from GR [25] . Our results show the the EOS universality is well preserved but the rotation can magnify the deviation from GR. Still the differences are below roughly 5% (for the current lower limit of the scalar-field coupling parameter β = −4.5) which is supposed to be smaller than the expected observational uncertainties.
We studied also the dependence of theĪ −Q relations for rapidly rotating neutron stars on the coupling parameter β and showed that as β is decreased, the differences from GR increases. This is an expected effect as smaller negative β lead to larger deviations from GR in the neutron star equilibrium properties. Still even for values of β that are already ruled our by the observations the changes in the normalizedĪ −Q relations are not so strong.
An important observation is that although the normalized moment of inertia and quadrupole moment are very close to the pure general relativistic case, the unnormalized I and Q can change significantly due to the neutron star scalarization. This can also lead to distinct observational signatures. Another important conclusion that can be drawn from our results is that although the normalizedĪ −Q relations have the very nice property of being independent from the EOS, they can suppress the deviations between general relativity and some alternative theories. That is why they alone are of limited use for testing Einstein's theory.
